Introduction
Connected isometry groups of compact connected Lorentz manifolds have been classified by Adams and Stuck and independently by Zeghib.
Theorem 1.1 (Adams and Stuck [AS1] , [AS2] ; Zeghib [Ze1] , [Ze2] ) The identity component of the isometry group of a compact connected Lorentz manifold M is isomorphic to K × R k × S, where
• S is one of three types:
1. a finite cover of P SL 2 (R)
a group locally isomorphic to a Heisenberg group H n
3. a member of a countable family of solvable extensions S λ , where λ ∈ Q n and n ∈ N, each isomorphic to S 1 ⋉ H n After this classification of isometry groups, the question arises, which manifolds admit these isometry groups.
The groups P SL 2 (R) and S λ admit bi-invariant Lorentz metrics, so their quotients by cocompact lattices are compact homogeneous Lorentz manifolds. In [Ze1] , Zeghib shows that these are essentially the only homogeneous compact Lorentz manifolds with noncompact isometry group.
For an arbitrary Lorentz manifold M , if type 1 in theorem 1.1 occurs, then Gromov's splitting theorem ( [G] , 5.3.D) says that the universal cover of M is isometric to a warped product L × f S, where L is a Riemannian manifold, f is a smooth function L → R + , and S carries the bi-invariant Lorentz metric coming from the Killing form. For type 3, Zeghib has proved a similar splitting theorem ([Ze1] 1.7).
Zeghib [Ze2] and Adams [Ad] have constructed deformations of the S λ -invariant metric on compact quotients S λ /Γ for which some Heisenberg group H k acts isometrically, but no non-nilpotent group does. This paper begins with a proof that Adams' deformation on S λ /Γ has connected isometry group the full nilradical H n (proposition 3.2).
Next, we apply techniques of Gromov and Zimmer toward classifying isometric Heisenberg actions on compact Lorentz manifolds, with particular focus on codimension-one actions-those for which the dimension of the Heisenberg group is one less than the dimension of the manifold. Our main results give a classification of such actions, under the assumption of real-analyticity. 
Definitions
Let H n be the (2n + 1)-dimensional Heisenberg group, the simply-connected Lie group with Lie algebra
A warped Heisenberg group is a solvable extension of H n with Lie algebra
Note that Ad(e tW ), with respect to the basis {Z,
A group S n with this Lie algebra is a semi-direct product of S 1 with H n , where e it ∈ S 1 acts on H n by the automorphism with derivative Ad(e tW ).
In fact, for any λ ∈ R n , there is a warped Heisenberg group with Lie algebra
Two such groups S λ and S µ are isomorphic if and only if the sets {λ 1 , . . . , λ n } and {aµ 1 , . . . , aµ n } are equal for some a ∈ R ([AS1] 3.2).
Let λ ∈ Q n . In this case, there is a group S λ isomorphic to S 1 ⋉ H n with the Lie algebra s λ . Here e it ∈ S 1 acts on H n via Ad(e tN W ), where N is the least common multiple of the denominators of the λ i . Any cocompact lattice in H λ is also cocompact in S λ . A cocompact lattice Γ in S λ intersects H λ in a uniform lattice and projects modulo H λ to a finite subgroup of S 1 (see [Rag] 3.3). Also, a cocompact lattice in H λ intersects the center Z(H λ ) = Z(S λ ) in a cocompact subgroup (see [Rag] 2.3).
For any λ, the Lie algebra s λ admits a bi-invariant inner product of signature (1, 2n + 1) in which the vectors X 1 , . . . , X n , Y 1 , . . . , Y n are orthonormal; the vectors Z and W are both isotropic and orthogonal to X i and Y i for i = 1, . . . , n; and < W, Z >= 1. This inner product gives rise to a bi-invariant Lorentz metric on S λ . If Γ is a lattice in S λ , the metric descends to the quotient S λ /Γ, where the isometry group has identity component S λ = S λ /(Γ ∩ Z(S λ )). This last fact can be proved by the methods of propositon 3.2 below. Note that the center Z(S λ ) acts via a compact quotient isomorphic to S 1 .
The group S λ acts isometrically on itself on the left and the right. The action of the center Z = Z(S λ ) on either side is the same, so the isometry group of S λ contains the obvious quotient S λ × Z S λ . A point stabilizer in this group is isomorphic to Ad(S λ ). The full stabilizer in Isom 0 (S λ ) is isomorphic to SU (n)⋉ Ad(S λ ). One can compute that the curvature tensor at the identity is a constant multiple of (A, B) → ad [A, B] for A, B ∈ s λ . It is an exercise in linear algebra to show that any vector space automorphism of s λ preserving the curvature tensor and the Lorentz inner product must be a Lie algebra automorphism; moreover, any such automorphism must, up to multiplication by Ad(H λ ), fix Z and W and act by a unitary transformation on the spacelike complement (span{Z, W }) ⊥ . By the Cartan-Ambrose-Hicks theorem (see [CE] 1.3.6), any such unitary transformation integrates to an isometry. Two groups S λ and S µ are isometric if and only if they are isomorphic.
Construction of H-actions
Section 3.1 below contains an account of Adams' deformation of the homogeneous metric on compact manifolds S n /Γ. Proposition 3.2 says that the resulting connected isometry group is H n . Section 3.2 contains an account of Zeghib's method for deforming the homogeneous metric on S n /Γ.
Breaking the symmetry on S/Γ
Assume for simplicity that λ = (1, . . . , 1), and denote H n and S n simply by H and S, respectively. Also assume Γ ⊆ H.
Let m be the pullback of a positive bump function at 1 on S 1 = H\S to S. This function is left-H-invariant, right-Γ-invariant, and not invariant under left translation by any s / ∈ H. Let θ be the bi-invariant metric on S, and denote by mθ this metric rescaled by m. Then mθ descends to a metric on S/Γ, and H acts here by isometries. Represent elements of the semi-direct product S by ordered pairs (t, h), 0 ≤ t < 2π.
Since Killing fields on S/Γ coming from the H-action do not have constant norm in mθ, it is not immediate that the orbits of one-parameter subgroups in H are geodesics. The fact that they are geodesic can be seen using results of Zeghib's [Ze3] paper on totally geodesic lightlike foliations in Lorentz manifolds.
A lightlike subspace of a Lorentz inner-product space is one for which the restriction of the inner product is degenerate. In this case, the kernel is onedimensional, and the inner product restricted to any complementary subspace is definite. A lightlike submanifold N of a Lorentz manifold M is one for which T x N is a lightlike subspace of T x M for all x ∈ N . In section 1.1 of [Ze3] , Zeghib shows that a codimension-one lightlike submanifold N of a compact Lorentz manifold is totally geodesic if and only if the kernel distribution on N is transversally Riemannian-the flow generated by a vector field tangent to this distribution preserves the degenerate Riemannian metric on N .
The following lemma is key in classifying codimension-one actions.
Lemma 3.1 A linear transformation that preserves a Lorentz inner product and restricts to the identity on a codimension-one lightlike subspace is the identity.
Proof: Suppose V is a Lorentz inner-product space and f ∈ O(V ) is the identity on U ⊂ V as above. Let Z, X 1 , . . . , X n be a basis for U such that Z spans the kernel of U and X 1 , . . . , X n are orthonormal. The orthogonal complement to span{X 1 , . . . , X n } is Lorentz and contains a unique isotropic vector W with < W, V >= 1. Clearly, if f fixes U pointwise, then it must fix
Proof: Suppose f ∈ Isom 0 (S/Γ, mθ). Note f * is the identity on π 1 (S/Γ). By post-composing with an isometry in H if necessary, one may assume f takes the Γ-coset of (0, e) to the coset of (T, e) for some T . Let f be the lift of f to S mapping (0, e) to (T, e). Note that f is equivariant with respect to right translation by Γ.
Each H-fiber H t = {t} × H is lightlike with kernel distribution generated by the Killing field corresponding to a generator of the center of H. Thus this distribution is transversally Riemannian and every H t is totally geodesic. In this case, H t inherits a connection from S. Let X * ∈ h, and let X be the Killing field on S coming from left translation by e tX * . The squared norm < X, X >= mθ(X, X) is constant along H t , so for any vector Y tangent to H t ,
Since the flow along X is an isometry, Y also satisfies X < X, Y >= 0. The connection is torsion-free, so at p,
The tangent vector Y to H t was arbitrary, so an integral curve for X is geodesic in the induced connection on H t , and hence in S. Thus, all the Killing fields in S coming from left translation by elements of H integrate to geodesics.
Identify the tangent space to an H-fiber T (t,e) H t with h by evaluating Killing fields at (t, e). At each (t, e) there are two restricted exponential maps T (t,e) H t → H t , one coming from the exponential map in H and one from the connection. These must agree; denote the map by exp t . Since the Lie group exponential on a simply connected, analytic, nilpotent Lie algebra is a diffeomorphism (see [Kn] 1.104), exp t maps T (t,e) H t diffeomorphically onto the fiber H t . The orbit (t, e)Γ = {t} × Γ must have inverse image under exp t equal to a discrete cocompact subset of T (t,e) H t . Now Γ-equivariance implies that f * (0,e) :
Hence 0 = T , and f * (0,e) restricts to the identity on T (0,e) H 0 .
By the lemma 3.1, f * (0,e) ≡ Id. An isometry of a connected pseudo-Riemannian manifold fixing a point and a frame is trivial (see [Ko] II.1.3). ♦
More generally, fix a basis Z, X 1 , . . . , X n , Y 1 , . . . , Y n for h, as above. Let f be any smooth function from S 1 to 2n × 2n symmetric positive-definite matrices.
For each t ∈ S 1 , there is a degenerate Riemannian metric on H in which Z spans the kernel and the transverse Riemannian metric is given in terms of X 1 , . . . , X n , Y 1 , . . . , Y n by the matrix f (t). Let W be the transverse vector field that brackets with h as in the definition of s above. Then there is a Lorentz metric on S ∼ = S 1 ⋉ H in which W is isotropic, < W, Z >= 1 everywhere, and the H-fiber at t has the degenerate Riemannian metric given by f (t). This metric is bi-H-invariant, and for a generic f , the isometry group of S/Γ has connected component H, by the same argument as above.
Perturbing the holonomy for S/Γ
In ([Ze2] 4.1.2) Zeghib constructs metrics on compact quotients of S n with connected isometry groups containing R k or H k , k < n. Given Γ a lattice in S n and a homomorphism ρ : Γ → S n , the group Γ ρ = {(ρ(γ), γ) : γ ∈ Γ} is a discrete subgroup of Isom(S). It is possible to choose ρ so that Γ ρ still acts freely and properly on S. Then the connected component of the isometry group of S/Γ ρ is the centralizer of Γ ρ . One possibility for the Zariski closure Zar(ρ(Γ)) is an (n−k)-dimensional abelian subgroup of H, where k < n, having centralizer in S n isomorphic to R n−k × H k . If the centralizer of Γ ρ is non-abelian, then ρ(Z(Γ)) = 1. In this case, Z(S n ) ∩ Γ ρ = Z(Γ), so the center of the isometry group of S n /Γ ρ is one-dimensional and acts via a compact quotient.
Toward classification of H-actions
In section 4.1 below, we apply lemma 3.1 to the cocycle arising from a codimensionone Heisenberg action to show that the action of the center always factors through a compact quotient. In [Ze2] 4.3, Zeghib asks whether this factoring occurs for all isometric actions of Heisenberg groups on compact Lorentz manifolds. Actions of arbitrary codimension are treated in section 4.2; we prove a refinement of a result of Gromov to show that if the action of the center factors through S 1 , then the lifted H-action on the universal cover restricts to a proper action on almost every orbit. In the final section, techniques of Gromov and Zimmer are combined with lemma 3.1 to show in the codimension-one case that the action on the universal cover is proper; a complete classification of codimension-one actions follows.
The following two important properties of isometric actions of nilpotent groups are proved by Adams and Stuck in [AS1] . They will be used extensively below.
Theorem 4.1 (Adams and Stuck [AS1] 6.8) If a Heisenberg group H acts locally faithfully on a compact Lorentz manifold by isometries, then the H-action is locally free.

Theorem 4.2 (Adams and Stuck [AS1] 7.4) For H as above, the pullback to h of the metric from any tangent space is Ad H-invariant and lightlike with kernel z(h).
Codimension-one: Z(H)-action factors through S 1
Recall that the action of a group G on a manifold M is proper if for all compact subsets A ⊆ M , the set G A := {g ∈ G | gA ∩ A = ∅} is compact. A group acting properly on a compact manifold is compact. 
. . , n, and ζ(x) = f x (Z). The vector fields f x (X) are smooth for each X ∈ h and ω(x) depends smoothly on the first 2n + 1 vectors at x. The H-action thus yields a smooth section of the bundle L(M ); call it σ. The section σ gives rise to a smooth cocycle
It takes the form
For each x, this matrix is in O(1, 2n + 1), so lemma 3.1 implies that α(h, x) is the identity for all h ∈ Z(H) and x ∈ M . Thus Z(H) preserves a smooth framing of M , and so its action must factor through a group that acts properly (see [Ko] I.3.2). ♦
Higher codimension: if Z(H) factors through S 1
Assume the action of the center Z(H) on M factors through a proper action. Let Γ = π 1 (M ). Let Λ be the kernel of the H-action on M . This discrete normal subgroup must be central and, by assumption, cocompact in Z(H). The group of lifts of the H-action to M is an extension of H/Λ by Γ with identity component a covering group of H/Λ. In other words, there is some subgroup Λ ⊆ Λ such that the identity component of the group of lifts is H/Λ, and (H/Λ) ∩ Γ ∼ = Λ/Λ.
At this point, it is necessary to assume that the Lorentz metric on M is realanalytic, in order to apply the following theorem of Gromov. For the case in which H is simple, Zimmer gives a more detailed proof in [Zi2] 
This theorem in fact applies whenever H acts locally freely and real-analytically preserving a finite measure and a C ω rigid geometric structure of algebraic type on M . A C ω isometric Heisenberg action satisfies the hypotheses of the theorem.
Next we show that almost every orbit on M is proper. This result is an extension of a theorem of Gromov ([G] 6.1.B) to the case of Z(H) non-compact, and is seemingly alluded to in [G] 6.1.C(b). Gromov's result appears with proof for the case of H simple in Zimmer's paper [Zi2] .
In particular, almost every stabilizer is finite.
Proof:
Let T O (M ) be the subbundle of T (M ) tangent to H-orbits. Let
be the corresponding bundle of frames. This bundle is smoothly trivializable using the isomorphisms
Let z be as in 4.4 above. The group of isometries of M leaving z invariant acts on M × z by g(x, Z) = (gx, g * Z), such that the evaluation map M × z → T ( M ) is equivariant. In particular, H/Λ and Γ have commuting actions on M × z, and these actions agree on the intersection Λ/Λ. Let q : M × z → T (M ) be the evaluation map composed with the quotient T ( M ) → T (M ). Note that q is equivariant with respect to H/Λ → H/Λ.
Supposex satisfies the conclusion of theorem 4.4, and suppose that hx ∈ K for some h in H/Λ and some compact set
the images of all such h are contained in a compact subset C of H/Λ.
Let C be a compact subset of H/Λ mapping onto C, and write h = cλ with λ ∈ Λ/Λ and c ∈ C. Now hx ∈ K implies λx ∈ C −1 K. Since Λ/Λ is proper on M , the set of all possible λ is finite. Thus the subset of H/Λ carryingx into a fixed compact set is compact, and the orbit map forx is proper. ♦ Remark: The conclusion of theorem 4.5 actually holds for any H to which 4.4 applies, provided the Z(H)-action factors through a torus.
Codimension-one: complete classification
In the codimension-one case, the basic fact of lemma 3.1, used to prove properness of Z(H), can in fact be used to show properness of H/Λ on M . Then M is equivariantly diffeomorphic to H × R, and the quotient of M by the H-action is a fibration over S 1 .
Theorem 4.6 The action of H/Λ on M preserves a framing of T ( M ); in particular, the H/Λ-action is free and proper.
Proof: Let z be the centralizer of h on M , as in the previous subsection, and letx satisfy the conclusion of theorem 4.4. Any Z in the kernel of the evaluation map z → Tx( M ) integrates to an isometry fixingx with derivative fixing fx(h) pointwise. Such an isometry fixes a point and a frame by lemma 3.1, and so is trivial. Thus the evaluation map on z is injective, and by theorem 4.4, the dimension of z is either 2n + 2 or 2n + 1.
In the first case, fx(h) ⊆ z(x) = Tx( M ) for allx ∈ M , and the evaluation
In the second case, the set ofx such that fx(h) = z(x) is closed and has full measure, so it must be all of M . Fix a generator Z 0 for z(h), and note that
be the subbundle of frames with first element the Killing field for Z 0 . In any such frame, the remaining vectors evaluated at anyx ∈ M span a spacelike subspace by theorem 4.2. As in the proof of lemma 3.1, there is a unique isotropic vector W (x) ∈ Tx( M ) orthogonal to this spacelike subspace and with < W (x), Z 0 (x) >= 1. Thus an element of F (z) 0 determines a frame on Tx( M ), and there is a well-defined map M × F(z) 0 → F ( M ) that is smooth and H/Λ-equivariant. As above, composition with M → M × {ω} for any ω ∈ F(z) yields an H/Λ-equivariant section. ♦ Proof: Since H/Λ acts properly and freely, M is a principal bundle over a connected 1-manifold. The fibers are connected, so the quotient is simply connected, hence, diffeomorphic to R. From the long exact sequence of homotopy groups for this fiber bundle, one computes that the fibers must be simply connected. Thus Λ is trivial. A bundle with contractible fibers admits a smooth section, which gives rise to an H-equivariant trivialization M ∼ = H × R. ♦ Next, suppose dim z = 2n + 2. Then Z 0 -orbits are both open and closed, so Z 0 acts transitively. Since the action is free, Z = Z 0 , and Γ is a lattice in Z.
Pick anyx, and let G be the set of elements g of Z such that gx = hx for some h ∈ H. Since H acts freely on M , there is a well-defined map θ : G → H satisfying θ(g)gx =x. This map is injective because Z acts freely, and it is a homomorphism because H and Z commute. Since G has dimension 2n + 1, it is a connected codimension-one subgroup of Z isomorphic to H. The orbit map Z → Zx ⊂ M intertwines the G × G action on Z by left and right translation, respectively, with the G × G action on M by the given G-action and inversion compose θ, respectively.
The orbit map also yields an identification of Tx M with z. Denote by <, > the pullback of the Lorentz metric atx to z. The adjoint represention of G on z is equivalent to the G-action by θ(g) * g * on Tx M . Thus <, > is infinitesimally g-invariant-that is, for any Y ∈ g and X, W ∈ z,
Let W be a vector complementary to g in z.
For any Y, Y ′ in g,
For any Y ∈ g,
Since g and W together span z, it follows that <, > is infinitesimally W -invariant. Then <, > is Ad Z-invariant, and there is an isometric Z × Z-action on M extending the Z-action. This action descends to a transitive isometric Z-action on M , and by the classification of compact homogeneous Lorentz manifolds [Ze1] , Z is a warped Heisenberg group, and M is as in section 2. ♦
